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Abstract
In the first section of this paper, refining and using certain techniques of Cp-theory, we show that
there exists a nice linear topological space X of weight ω1 such that no dense subspace of X is
normal in X (and in itself). This improves a statement in A.V. Arhangel’skii [Proc. Amer. Math. Soc.
130 (2001) 283–291].
A first countable Tychonoff space without a dense normal subspace we identify in Section 2. Of
course, this space is not homeomorphic to a topological group.
In the third section we compare three definitions of relative normality, presenting several examples.
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0. Introduction
Many Tychonoff spaces are not normal. This can happen even in the case of rather
standard topological spaces; even a linear topological space need not be normal. To see this,
it is enough to refer to the product of uncountably many copies of the space of real numbers.
It is natural to look for some trace of normality in Tychonoff spaces, to analyze when they
satisfy some weaker forms of normality. One of the most obvious conditions of this type
is the existence of a dense normal subspace. Less obvious, more delicate normality type
conditions can be formulated in terms of the existence of a dense subspace of a space X,
which is normal, in some sense, with respect to X. In the first section of this paper we
consider the following question: Is there a dense normal subspace in any Tychonoff space?
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An answer to this question was obtained in [4] as an application of Cp-theory. We present
here a more elementary, and slightly more general, treatment of this topic, explaining all
the details. Our approach is based on a new notion of internal normality of a subspace in
a space.
In the second section we present another example of a Tychonoff space X without a
dense normal subspace. This space X has a different collection of properties among which
is the first countability.
In the third section we compare various versions of relative normality, providing relevant
counterexamples.
By Cp(X) we denote the space of continuous real-valued functions on a Tychonoff
space X in the topology of pointwise convergence. All spaces under consideration are
assumed to be T1-spaces; R stands for the space of real numbers with the usual topology,
c= 2ω . Closures of open sets are called canonical closed sets.
1. On dense normal subspaces and internal normality
A subspace Y of a space X will be said internally normal in X if for every disjoint
closed subsets B and C of X contained in Y there exist disjoint open sets U and V in X
such that B ⊂U and C ⊂ V . Here is a simple useful fact:
Proposition 1.1. Let Y be a dense subspace of a space X and Z a subspace of Y which is
internally normal in Y . Then Z is internally normal in X.
Proof. It suffices to observe that every two disjoint open subsets of Y can be extended to
disjoint open subsets of X. ✷
Since every normal space is obviously internally normal in itself, the following result is
a corollary of Proposition 1.1:
Proposition 1.2. Every dense normal subspace Y of a space X is internally normal in X.
Recall that a subspace Y of a space X is called normal in X (see [3]) if for every disjoint
closed subsets A and B of X there exist disjoint open subsets U and V in X such that
A∩ Y ⊂U and B ∩ Y ⊂ V . Clearly, we have:
Proposition 1.3. If a subspace Y of X is normal in X, then Y is internally normal in X.
We are going to prove the following theorem:
Theorem 1.4. There exists a Tychonoff space X such that for any dense subspace Y of X
and any dense subspace Z of Y , Z is not internally normal in Y (therefore, X does not
contain a dense normal subspace).
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Let us first note that, according to Proposition 1.1, a space X satisfies conditions in
Theorem 1.4 if it satisfies the formally weaker condition that for every dense subspace Y
of X, Y is not internally normal in X.
The proof of Theorem 1.4 is based on the following elementary results:
Lemma 1.5. Let X = Cp(ω1 + 1), and Y a subspace of X separating the point ω1 from
each α < ω1. Then there exists an uncountable discrete subspace P of Y which is closed
in X.
Proof. Every continuous real-valued function on ω1 is eventually constant [8]. Therefore,
for each f ∈ X we can fix κ(f ) ∈ ω1 and af ∈ R such that f (α) = af whenever
ω1  α  κ(f ).
For every α < ω1 we can fix a function fα ∈ Y , rational numbers sα , tα , and an ordinal
number µα < α such that:
(1) fα(β) < sα < tα < fα(ω1) whenever µα  β  α, or
(2) fα(β) > sα > tα > fα(ω1) whenever µα  β  α.
By Fodor’s lemma (see [10]), there exists an unbounded subset E of ω1, an ordinal
number θ < ω1, and rational numbers s and t such that µα = θ , sα = s and tα = t , for
every α ∈E. We may also assume that condition (1) is satisfied for every α ∈E.
We are now going to define, by transfinite recursion, a transfinite sequence ξ =
{δ(α): α < ω1} of elements of E in the following way.
Let δ(0) be the smallest element of the set E. Now we fix α < ω1 and assume that
δ(β) ∈ E is already defined for every β < α. The set {κ(fδ(β)): β < α} is countable,
therefore we can define δ(α) to be some element of E such that:
(3) κ(fδ(β)) < δ(α) and δ(β) < δ(α), for each β < α.
Clearly, P = {fδ(α): α < ω1} is an uncountable subset of Y . Let us show that the set P
is discrete and closed in the space X = Cp(ω1 + 1).
Assume the contrary. Then there exists g ∈ B¯ \B , g ∈ Cp(ω1+1), for some B ⊂ P . The
space Cp(ω1 + 1) is Frechet–Urysohn [2], therefore there exists a sequence (fδ(α(n)): n ∈
ω) in B converging to g. Since there is no strictly decreasing sequence in ω1, we may
assume that α(n) < α(n + 1) for each n ∈ ω (otherwise we can pass to an appropriate
subsequence of the sequence (α(n): n ∈ ω)). Let α∗ be the least upper bound in ω1 of the
set {δ(α(n)): n ∈ ω}. We put gn = fδ(α(n)). Clearly,
(4) gn(α∗) t , for each n ∈ ω.
Therefore, g(α∗) t . Since g is continuous, we can find α0 < α∗ such that θ < α0 and
g(β) > s whenever α0  β  α∗. Clearly, there exists k ∈ ω such that α0 < δ(α(k)) < α∗.
Then, by the definition of gn, gn(δ(α(k)))  s, for each n ∈ ω such that n > k. It
follows that g(δ(α(k)))  s. On the other hand, by the choice of α(k), g(δ(α(k))) > s,
a contradiction. Therefore, every subset B of P is closed in X. ✷
Recall that subsets A and B of a space Y are said to be separated (in Y ), if the closure
of A does not intersect B and the closure of B does not intersect A.
30 A.V. Arhangel’skii / Topology and its Applications 123 (2002) 27–36
Lemma 1.6. Let M be a separable metric space, A a set of cardinality ω1, and P an
uncountable subspace of MA. Then there exist disjoint subsets B and C of P such that for
any countable subset S ⊂A the sets πS(B) and πS(C) are not separated in the space MS .
Proof. We fix a countable base of the space M , and in what follows Vi,V1, . . . , Vn are el-
ements of this base. For a1, . . . , an in A and V1, . . . , Vn in the base, W(a1, . . . , an;V1, . . . ,
Vn) denotes the corresponding standard basic open set in the space MA. The family of
all such standard basic sets forms a base B of MA, and the cardinality of B is not greater
than ω1. Let B∗ be the family of all elements U of B such that U ∩P is uncountable. Then
|B∗|  ω1, and, by an obvious transfinite induction, we can define an uncountable subset
B of P such that, for any U ∈ B∗, U ∩B = ∅ and U ∩C = ∅, where C = P \B .
Let us show that, for any countable subset S of A, the sets πS(B) and πS(C) are not
separated (in MS).
Obviously, since MS is hereditarily Lindelöf, there is a point b ∈ B such that every
standard neighbourhood of b of the type W(s1, . . . , sn;V1, . . . , Vn), where si ∈ S, contains
uncountably many elements of B . Then W(s1, . . . , sn;V1, . . . , Vn) ∈ B∗, since B ⊂
P ; this implies that W(s1, . . . , sn;V1, . . . , Vn) ∩ C is not empty. It follows that every
neighbourhood of the point πS(b) in the space MS contains some point of the set πS(C),
that is, the sets πS(B) and πS(C) are not separated.
Remark 1. Lemma 1.6 and its proof are extracted from an argument by Baturov in [4].
Lemma 1.7 [6], [8, 2.7.12(b)]. Let X be a separable space, and L a set. Then for any pair
U , V of disjoint open sets in the product space XL there exists a countable subset S of
L such that the images of U and V under the natural projection πS of XL onto XS are
disjoint.
Lemma 1.8. LetX be a separable space,L a set, U and V disjoint open sets in the product
space XL, B a subset of U , and C a subset of V . Then there exists a countable subset S
of L such that the images of B and C under the natural projection πS of the sets B and C
are separated (in XS ).
Proof. By Lemma 1.7, we can fix a countable subset S of L such that the sets πS(U) and
πS(V ) are disjoint. The projection πS is an open mapping, therefore, the sets πS(U) and
πS(V ) are open in XL. It follows that they are separated, that is, πS(U)∩ πS(V )= ∅ and
πS(V )∩ πS(U)= ∅. Therefore, their subsets πS(B) and πS(C) are also separated. ✷
Proof of Theorem 1.4. Let us show that the space X = Cp(ω1 + 1) is again all we need.
Let Y be a dense subspace of X. Then Y , clearly, separates points of ω1 + 1, and therefore,
by Lemma 1.5, there exists an uncountable discrete subset P of Y such that P is closed
in X = Cp(ω1 + 1). Then P is an uncountable subset of Rω1+1 and, by Lemma 1.6, there
exist disjoint subsets B and C of P such that the sets πS(B) and πS(C) are not separated,
for any countable subset S of ω1 + 1.
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From Lemma 1.8 it now follows that the sets B and C cannot be separated by disjoint
open neighbourhoods in Rω1+1. Since Cp(ω1 + 1) is dense in Rω1+1, it follows that the
sets B and C cannot be separated by disjoint open neighbourhoods in Cp(ω1 + 1). Since
B and C are disjoint subsets of Y and B , C are closed in Cp(ω1 + 1), it follows that Y is
not internally normal in Cp(ω1 + 1). ✷
Obviously, Lemma 1.5 can be generalized as follows:
Lemma 1.9. Let X = Cp(Z), where Z is a Tychonoff space containing ω1 + 1 as a closed
subspace, and Y a subspace of X separating points of ω1 + 1. Then there exists an
uncountable subset P of Y which is closed in X.
Considering embeddings in the Tychonoff cube Iω1 , we can represent the space ω1
as a closed subspace of a separable space Z of cardinality ω1. Repeating the proof of
Theorem 1.4, we arrive at the conclusion that no dense subspace Y of the space Cp(Z) is
internally normal in Cp(Z). Now, since Z is separable, the space Cp(Z) is hereditarily
realcompact (it can be mapped by a one-to-one continuous mapping onto a separable
metrizable space [2]). Therefore, Theorem 1.4 can be strengthened in the following way:
Theorem 1.10. There exists a submetrizable Tychonoff space X of the weight ω1 such that
no dense subspace of X is internally normal in X (and therefore, no dense subspace of X
is normal in itself ).
Question 1. Is it true that the product of any two normal spaces contains a dense normal
subspace?
Question 2. Is it true that the product of any family of normal (regular Lindelöf) spaces
contains a dense normal subspace?
2. The first countable case
The Tychonoff space X without a dense normal subspace we constructed in the proof
of Theorem 1.10 is submetrizable but not first countable. In fact, the method we used can
not provide us with a first countable example, since the space we obtain is a topological
group, and even a linear topological space, and therefore the first countability of such
a space would ensure its metrizability (and, hence, paracompactness and normality). In
this section we take another approach and present a first countable example. Observe that
the argument, which is simpler than in the preceding section, is still based on the interplay
between the extent, Souslin number, and normality.
Proposition 2.1. There exists a Tychonoff space X with the following properties:
(a) X is strongly σ -discrete, that is, X is the union of a countable family of closed
discrete subspaces;
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(b) the Souslin number of X is countable;
(c) X is a metacompact Moore space (therefore, X is first countable and perfect);
(d) the cardinality of X and the density of X are both equal to 2ω , that is, |X| = d(X)=
2ω.
Proof. Let X be the Pixley–Roy space P(R) over the space R of all real numbers. Then
X has all above mentioned properties (see [7,10]).
Theorem 2.2. Let X be a strongly σ -discrete space such that c(X)  ω, πw(X)  2ω,
and d(X) 2ω. Then, for any dense subspace Y of X, Y is not internally normal in X.
Proof. Let X =⋃{Xi : i ∈ ω}, where each Xi is a closed discrete subspace of X. Consider
any dense subspace Y of X and put Yi = Xi ∩ Y , for each i ∈ ω. Since d(X) 2ω and Y
is dense in X, we have: |Y | 2ω. Since the cardinal number 2ω is not countably cofinal, it
follows that |Yk| 2ω, for some k ∈ ω.
Put Z = Yk . Then Z is a closed discrete subspace of X contained in Y . Since c(X) ω
and πw(X) 2ω, it follows by the standard argument in [13] that there are disjoint subsets
A and B of Z which can not be separated by disjoint open neighbourhoods in X. Notice,
that A and B are closed subsets of X contained in Y . Therefore Y is not internally normal
in X. ✷
Corollary 2.3. There exists a space X which is first countable, Tychonoff, hereditarily
metacompact, Moore, strongly σ -discrete, has the countable Souslin number, and such that
no dense subspace of X is normal in itself and even no dense subspace of X is internally
normal in X.
Proof. By Theorem 2.2, the Pixley–Roy space P(R) is such a space X. ✷
In fact, we do not have to stick to Pixley–Roy space in the proof of Corollary 2.3, since
many Moore spaces contain a subspace we need. Indeed, we have:
Theorem 2.4. Let X be a Moore space such that c(X)  ω and d(X) = 2ω. Then there
exists a dense subspace Y of X such that no dense subspace of Y is internally normal in Y .
Proof. There exists a dense strongly σ -discrete subspace Y of X: one can take Y to
be any dense left-separated subspace of X (see [1]). Clearly, c(Y ) = ω and d(Y )  2ω.
On the other hand, |X| = 2ω, since X is first countable and d(X) = 2ω. Therefore,
d(Y ) = |Y | = 2ω, which implies that the weight of Y is also 2ω . Now it follows from
Theorem 2.2 that, for any dense subspace Z of Y , Z is not internally normal in Y . ✷
Theorem 2.5. Under V = L, no dense subspace of the Pixley–Roy space P(R) is
countably paracompact.
Proof. Let Y be a dense subspace of the space P(R). Then the Souslin number of Y is
countable, Y is first countable, and there exists an uncountable closed discrete subspace A
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of Y [11]. Now, according to a result of S. Watson [14], under the assumption that V = L
every first countable Tychonoff countably paracompact space is collectionwise Hausdorff.
Therefore, if Y were countably paracompact then the points of the uncountable set A could
be separated by pairwise disjoint open sets in Y , which is impossible, since the Souslin
number of Y is countable. ✷
Question 3. Is it true in ZFC that no dense subspace of the Pixley–Roy space P(R) is
countably paracompact?
3. Comparing various versions of relative normality
Recall that a space X is κ-normal, if every two disjoint canonical closed subsets of X
can be separated by disjoint open neighbourhoods. Schepin proved that any dense subspace
of the product of any family of metrizable spaces is κ-normal [12]. He also observed that
every regular κ-normal space is Tychonoff [12].
Let Y be a subspace of X. A subset A of X is concentrated on Y [3] if A is contained
in the closure of A ∩ Y in X. We say that X is normal on Y if every two disjoint closed
subsets of X concentrated on Y can be separated by disjoint open neighbourhoods in X [3].
A space X is called densely normal if there exists a dense subspace Y of X such that
X is normal on Y [3]. We will say that X is weakly densely normal if there exists a dense
subspace Y of X such that Y is internally normal in X.
It is easy to see that every densely normal space is κ-normal. On the other hand, the
converse is not true, as it was first shown in [9]. Using results of the previous section, we
now present another, simpler, example with a certain stronger property.
Example 3.1 [4]. The space X = Cp(ω1 + 1) is a κ-normal space such that no dense
subspace Y of X is densely normal. This last conclusion follows directly from the proof of
Theorem 1.4 and Proposition 1.1. Notice that the space X, as well as any dense subspace
of it, is even perfectly κ-normal in the sense of Schepin [12].
In the light of Example 3.1 and Theorem 1.4 the nest question is very natural:
Question 4. Is it true that in any Tychonoff space there exists a dense κ-normal subspace?
Question 5. Is it true that in every regular space there exists a dense κ-normal subspace?
Question 6. Is it true that the product of any two normal (regular Lindelöf) spaces contains
a dense κ-normal subspace?
Notice, that Schepin constructed a separable metrizable space X and a normal space Y
such that the product space X × Y is not κ-normal [12]. But in his example the space
X × Y contains a dense open metrizable subspace. Schepin also showed that the product
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of a κ-normal space and the closed interval I need not be κ-normal [12]. However, the
following questions remain open.
Question 7. Is the product of a normal spaceX and the closed interval I always κ-normal?
Question 8. Let X be a normal space and B a compact Hausdorff space. Is then the space
X×B κ-normal?
Let us now consider the relationship between normality of a space X on a subspace Y
and internal normality of Y in X. First of all, we distinguish here an intermediate notion,
which was introduced earlier [3]: a subspace Y of a space X is called normal in X if for
any two disjoint closed subsets A and B of X there exist disjoint open subsets U and V
of X such that A∩ Y ⊂U and B ∩ Y ⊂ V . Clearly, we have:
Proposition 3.2. If a subspace Y of X is normal in X, then Y is internally normal in X.
Proposition 3.3. If a space X is normal on a subspace Y of X, then Y is normal in X
(and, hence, Y is internally normal in X).
Notice, that from Proposition 3.3 it follows that if X is densely normal then X is weakly
densely normal.
Let us show that a subspace Y of a Tychonoff space X may be normal in X while X is
not normal on Y .
Example 3.4. It was established in [4] that there exists a countable dense subspace Y
of the space Rc such that Rc is not normal on Y . On the other hand, Y is Lindelöf and
therefore Y is normal in Rc , since any Lindelöf subspace Y of a regular space X is always
normal in X [3].
Now we shall present an example of a Tychonoff space X and a dense subspace Y
of X such that Y is internally normal in X and, at the same time, not normal in X. Thus,
internal normality of Y in X is a new location property; it does not boil down to the already
known relative normality. This example is a version of a standard example of a non-normal
Tychonoff space; the necessary modification was suggested by R.Z. Buzyakova, and the
example is published here with her kind permission.
Example 3.5. Let L be the set of all limit ordinals in ω1 and S, T two disjoint stationary
subsets of L (see [10]). Put M = (ω1 + 1) \ S, X∗ = {(α,β): ω1  α  β}, X =
X∗ \ {(ω1,ω1)}, Y = (M ×M) ∩ X, and π the projection mapping of X∗ onto ω1 + 1
given by the rule: π((α,β))= β . We consider X, Y , and X∗ as subspaces of the product
space (ω1 + 1)× (ω1 + 1). Clearly, X∗ is compact and X is locally compact. Since S is
nowhere dense in ω1, Y is dense in X.
We also put A = {(α,α): α ∈ T } and B = {(ω1, α): α ∈ T }. Obviously, A and B are
subsets of Y such that the closures of A and B in X are disjoint. Therefore, to show that Y
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is not normal in X it is enough to establish that A and B can not be separated by disjoint
open sets in X. This is done below in a standard way, using the assumption that T is
a stationary subset of ω1 and Fodor’s Lemma (see [10]).
Indeed, let U be an open neighbourhood of A in X. Then for each α ∈ T we can
fix δ(α) < α such that the set Vα = ((δ(α),α])2 ∩ X is contained in U . By Fodor’s
Lemma [10], since T is a stationary subset of ω1, there exist β < ω1 and an uncountable
subset E of T such that δ(α)= β for each α ∈E. The set E is unbounded in ω1. It follows
that (ω1, α) is in the closure of the set
⋃{Vα : α ∈ E} for each α ∈E. It remains to notice
that if α ∈E, then (ω1, α) is in B . Thus, Y is not normal in X. Notice that since Y is dense
in X, it follows that Y is not weakly normal in X in the sense of [3]. Notice also that the
space Rc is κ-normal and even densely normal (see [12,4]).
Now we are going to prove that Y is internally normal in X. We will establish a stronger
location property of Y in X:
(ic) every closed subset of X contained in Y is compact (in itself).
Suppose that P is a closed subset of X such that P is not compact and P ⊂ Y . Then
ω1 ∈ P , and the closure of P in X∗ is the compact set P ∗ = P ∪ {(ω1,ω1)}. Therefore,
π(P ∗) is a compact subset of ω1 + 1. It follows that π(P ) is an unbounded closed subset
of the space ω1. On the other hand, the sets S and π(P ) are disjoint. This is impossible,
since S is a stationary subset of ω1, a contradiction.
The above argument suggests that we should introduce the following notion. Let Y be
a subspace of X. We will say that Y is internally compact in X if every closed subspace
of X contained in Y is compact. Since, obviously, every two disjoint compact subsets of
a Hausdorff space X can be separated in X by disjoint open neighbourhoods in X, the
following statement holds:
Proposition 3.6. If Y is a subspace of a Hausdorff space X and Y is internally compact
in X then Y is internally normal in X.
Example 3.5 now can be reformulated as follows:
Theorem 3.7. There exists a Tychonoff non-compact space X and a dense subspace Y
of X such that Y is internally compact in X and Y is not normal in X.
Recall that a subspace Y of X is said to be compact in X if every open covering of X
contains a finite subfamily covering Y [3]. It is well known that if a dense subspace Y of
a regular space X is compact in X then X is compact in itself. From this and Theorem 3.7
it is clear that a (dense) subspace Y of a Tychonoff space X may be internally compact
in X while Y is not compact in X. The same conclusion also follows from Example 3.5
and Theorem 3.7, since if Y is compact in a Hausdorff space X then Y is normal in X [3].
Quite a few delicate results involving the notion of normality of a subspace Y in
a space X are already known. It would be interesting to check whether they remain valid if
we replace this condition by the weaker condition of internal normality of Y in X.
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It also seems worthwhile to investigate which results on relative compactness remain
true for internal relative compactness. For example, we have the following question:
Question 9. Let Y be a subspace of a Hausdorff space X such that Y is internally compact
in X. Is then true that Y is Tychonoff? What if we assume X to be regular?
Notice that the similar question for relative compactness remains open.
Question 10. Let Y be a subspace of a regular space X such that Y is internally normal
in X. Is then Y Tychonoff?
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